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 Ushbu maqolada  bugungi kunda, kubatur, kvadratur 

formulalarni qurish va ularni tatbiq etish bo‘yicha bir 

qator, jumladan: differensiallanuvchi funksiyalarning 

gilbert fazolarida kvadratur, kubatur formulalarning 

xatolik funksionallari ekstremal funksiyalarini topish; 

topilgan ekstremal funksiyalar yordamida mos 

formulalar xatolik funksionallari normalarini hisoblash; 

optimal kvadratur, kubatur formulalar mavjudlik va 

yagonalik shartlarini topish; optimal kubatur formulalar 

qurishning diskret operatorlarga asoslangan yangi 

algoritmlarini ishlab chiqish hamda optimal 

koeffitsiyentlarning oshkor ko‘rinishini topish kabi 

ustuvor yo‘nalish.   
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Jahon miqyosida olib borilayotgan ko‘plab ilmiy-amaliy tadqiqotlar natijasida vujudga 

keladigan muammolarning yechimlari integral va differensial tenglamalarga keltiriladi. Ular 

asosan kubatur va interpolyatsion formulalar yordamida taqribiy yechiladi. Bunday 

formulalarni qurishning algebraik va variatsion yondashishlari mavjud bo‘lib, dastlabki 

algebraik formulalar Nyuton-Kotes, Gauss tipidagi kvadratur formulalar hamda Lagranj va 

Nyuton interpolyatsion qo‘phadlaridir. Varitsion yondashishga asoslanib bunday formulalar 

qurish nazariyasi AQSH va Rossiya olimlari tomonidan ishlab chiqilgan. Funksiyalarning turli 

sinflarida algebraik va variatsion yondashuvlarga asoslanib optimal formulalar va 

interpolyatsion splaynlarni qurishning yangi algoritmlarini ishlab chiqish hamda ularning 

xatoliklarini baholash hisoblash matematikasining muhim vazifalaridan biri bo‘lib qolmoqda. 

Mustaqillik yillarida mamlakatimizda amaliy tatbiqqa ega bo‘lgan dolzarb yo‘nalishlarga 

eʼtibor kuchaytirildi, xususan, hisoblash matematikasining kubatur formulalar nazariyasi 

bo‘yicha yuqori algebraik aniqlik darajasiga ega bo‘lib, biror bir 

muntazam ko‘pyoqning aylanishlar gruppasi akslantirishlariga nisbatan invariant hamda 

ortogonal ko‘phadlar nazariyasiga asoslangan Gauss tipidagi kubatur formulalarni qurishga 

alohida eʼtibor qaratildi. Hosilasi kvadrati bilan integrallanuvchi davriy va davriy emas, bir va 

ko‘p o‘zgaruvchili funksiyalarning Sobolev  fazolarida  panjarali optimal kubatur formulalar 

qurish sezilarli natijalarga erishildi. 
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Hozirgi kunda tabiiy jarayonlarning yuqori aniqlikdagi matematik modellari sifatida 

qaraladigan differenitsal va integral tenglamalar, hamda ularning sistemalarini taqribiy 

yechish uchun differensiallanuvchi funksiyalarning gilbert fazolarida 

optimal kvadratur, kubatur formu-lalar va interpolyatsion splaynlarni qurish muhim 

ahamiyat kasb etmoqda. Bu borada maqsadli ilmiy tadqiqotlarni, jumladan, quyidagi 

yo‘nalishlardagi ilmiy izlanishlarni amalga oshirish muhim vazifalardan biri hisoblanadi: 

davriy, davriy bo‘lmagan funksiyalarning turli gilbert va banax fazolarida panjarali asimptotik 

optimal kubatur formulalar qurish; Monte-Karlo metodlariga asoslangan kubatur 

formulalarni ishlab chiqish; optimal kvadratur, kubatur formulalar qurish va ularning 

xatoliklarini baholash; aniq funsionallarni minimallashtiruvchi splaynlar qurish. Yuqorida 

keltirilgan ilmiy-tadqiqotlar yo‘nalishida bajarilayotgan ilmiy izlanishlar mazkur dissertatsiya 

mavzusining dolzarbligini izohlaydi.  

FURYE INTEGRALLARINI TAQRIBIY HISOBLASH UCHUN OPTIMAL KVADRATUR 

FORMULALAR 

 

4 2

4 2
2 1

d d

dx dx
   operatorning diskret  analogi  

Optimal kvadratur va interpolyatsion formulalarning har xil gilbert fazolaridagi 

tuzilishi differensial operatorlarining diskret analoglari bilan chambarchas bog‘liq. [9,10] 

ishlarda optimal kubatur formulalarning 
( )

2

mL  fazosidagi koeffitsientlarini topishning analitik 

algoritmi ko‘rsatilgan. Buning uchun S.L. Sobolev  
m   poligarmonik operatorning   ( )m

hHD   

diskret analogini aniqladi va qurilgan diskret analog xossalarini o‘rgandi.  ( )m

hHD   diskret 

operatorini n -o‘lchovli hol uchun qurish juda murakkab bo‘lib bu masala hali ham 

ochiqligicha turibdi. Bir o‘lchovli hol uchun 

2

2

m

m

d

dx
 differensial opretorining 

( ) ( )m

hD h  diskret 

analogi Z. J. Jamolov va X. M. Shadimetov tomonidan qurilgan. 

 Bu yerda  

4 2

4 2
2 1

d d

dx dx
    operatorning diskret analogini qurish bilan shug‘ullanamiz. 

 Quyidagi tenglikni ko‘rib chiqamiz 

       ( ) ( ) ( ),D h G h h                         (1.1) 

bu yerda  ( )G h   - quyidagi funksiyaga mos keluvchi diskret argumentli funksiyaning 

sgn
( ) ,

4 2 2

x x x xx e e e e
G x x

   
  

 
      (1.2) 

bu yerda  ( )h  – diskret delta funksiya. 

       (1.1) tenglamani qanoatlantiruvchi ( )D h  diskret argumentli funksiyani topish zarur. 

 Ma’lum formulalar. 

 Bu yerda biz asosan diskret argumentli funksiyalar va ular ustida amallar 

tushunchalarini foydalanamiz [1,2].   

 Endi differensial operatorning diskret analogini qurishda qo‘llaniladigan  bir necha 

ma’lum formulalarni ko‘rsatib o‘tamiz  (masalan, [1] qarang). 
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 Uzluksiz funksiyalar uchun to‘g‘ri va teskari Fure almashtirishlari              

     2 1 2( ) , ( ) ,ipx ipxF x e dx F p e dp    
 

 

 

        (1.3) 

Fure almashtirishlarining ayrim xususiyatlari 

                               ,F F F                           (1.4) 

                               ,F F F                          (1.5) 

                ( ) ( ) 2 , ( ) 1.F x ip F x
                 (1.6) 

δ funksiyasining xususiyatlari 

  
1( ) ( ),hx h x                (1.7) 

   ( ) ( ),x a f x x a f a            (1.8) 

   
( ) ( ) ( ),x f x f x

 
          (1.9) 

  2

0( ) .ixx x e  

 

  
 

 

          (1.10) 

Eksponensial funksiyalarga aniq bo‘lgan optimal kvadratur formula koeffitsientlari 

Optimal koeffitsientlarni hisoblash 

      Endi (1.22)-(1.24) sistemani yechish bilan shug‘ullanamiz. Faraz qilaylik, 0   va N   

bo‘lganda 0C   bo‘lsin. U holda  ta’riflardan foydalanib,  (1.22)-(1.24) sistemani svyortkali 

ko‘rinishda quyidagicha yozib olamiz 

1 2* ( ) ( ), 0,1,..., ,h hC G h d e d e f h N 

            (1.11) 

0

1,
N

hC e e




           (1.12) 

1

0

(1 ),
N

hC e e




 



          (1.13) 

bu yerda  
1

0

( ) ( )f h G x h dx      

    
1 11

8 (1 )( ) (1 )( ) (2 3 ) (2 ) .
8

h h h he h e e h e e e e e                    (1.14) 

Endi biz masala 2 ga ekvivalent quyidagi masalani yechamiz. 

     Masala 1. Berilgan ( )f h  uchun (1.11)-(1.13) sistemani qanoatlantiruvchi 

, 0,1,...,C N    va 
1 2,d d  larni toping. 

Bundan keyin biz C  ning o‘rniga quyidagicha aniqlangan ( )v h  va ( )u h  funksiyalarni 

qaraymiz 

 ( ) * ( ),v h C G h      (1.15) 
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 1 2( ) ( ) .h hu h v h d e d e       (1.16)  

Bunday holda C  koeffitsientlarni ( )u h  funksiya orqali ifodalash kerak. Buning uchun biz 

(1.1) tenglikni qanoatlantiruvchi ( )D h   diskret argumentli funksiyadan, ya’ni teorema 4 va 

5 lardan foydalanamiz. U holda (1.16) tenglik va teorema 4 va 5 larni e’tiborga olib quyidagiga  

ega bo‘lamiz 

( ) * ( )C D h u h   .    (1.17) 

Shunday qilib, ( )u h  funksiyani topsak C   optimal koeffitsientlar (1.17) tenglikdan olinishi 

mumkin. (1.17) tenglikdagi svyortkani hisoblash uchun bizga ( )u h  funksiyaning barcha 

butun   lardagi qiymatlari talab qilinadi. (1.11) tenglikka asosan 0,1,...,N   bo‘lganda 

( ) ( )u h f h  . Endi bizga 0   va N   bo‘lganda  ( )u h  funksiyaning ko‘rinishi 

kerak. 0   va N   bo‘lganda 0C   bo‘lganligidan 

( ) * ( ) 0, [0,1]C D h u h h       

ekanini olamiz. 

Faraz qilaylik, 0   bo‘lsin, u holda (1.11) va ( )G x  funksiyaning ko‘rinishidan 

foydalanib quyidagini olamiz. 

0

( ) ( ) ( ) ( )
N

v h G h C C G h h C G h h  
 

     


 

         

0

sgn( )
( )

4 2 2

h h h h h h h hN h h e e e e
C h h

       




 
 

   



   
    

 
  

0

1
( ) ( )

8

N
h h h h h h h hC h h e h h e e e       




      



           

0

1

8

N
h h h h h h h h h h h hC h e h e h e h e e e           




        



               

0

1

8

N
h h h h h h h hC h e e h e e e e e e       




    



             

  h h h hh e e h e e              

0

( ) ( )1

8

h h h h h hN

h h h h

h e e e h e e e
C

h e e h e e

     

    


 

 

  

 


        
   

      
  

0 0

0 0

( ) ( )
1

8

N N
h h h h h h

N N
h h h h

h e e C e h e e C e

e C h e e C h e

     

 
 

   

 
 

 

 

  

 

 

 

 
        

  
 
       
 

 

 

 

(1.11) va (1.12) larni hisobga olib,  
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1

0 0

( 1) (1 ) ( 1) ( 1)
1

( )
8

h h

N N
h h h h

h e e h e e

v h
e C h e e C h e

 

   

 
 

 


 

 

 

 

        
 

         
  

 
 

1

0 0

1
( 1) (1 ) ( 1) ( 1)

8

1 1
.

8 8

h h

N N
h h h h

h e e h e e

e C h e e C h e

 

   

 
 

 

 

 

 

 

           

       

 

1 2

0 0

1 1
,

8 8

N N
h hb C h e b C h e 

 
 

 

 

        deb belgilab, 0   da quyidagini olamiz 

 

 1

1 2

1
( ) ( 1) (1 ) ( 1) ( 1)

8

h h h hv h h e e h e e be b e                   
         (1.18) 

Endi  N   da 

 

1

1 2

1
( ) ( 1) (1 ) ( 1) ( 1)

8

h h h hv h h e e h e e be b e                  
  (1.19) 

(1.18) va (1.19) lardan foydalanib (41)-dan quyidagini olamiz: 

1

1 2 1 2

1

1 2 1 2

1
( 1) (1 ) ( 1) ( 1)

8

, 0

( ) ( ), 0

1
( 1) (1 ) ( 1) ( 1)

8

,

h h

h h h h

h h

h h h h

h e e h e e

b e b e d e d e

u h f h N

h e e h e e

b e b e d e d e N

 

   

 

   

 



  

 



 

 

 

 


          


    


  


          

     

  (1.20) 

1 1 1 2 2 2

1 1 1 2 2 2

, ,

,

d b d d b d

d b d d b d

 

 

    

   
 

belgilash kiritib quyidagi masalaga kelamiz. 

 

Masala 2. 

( ) ( ) 0, [0,1]D h u h h                             (1.21) 

tenglamaning 
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1

1 2

1

1 2

1
( 1) (1 ) ( 1) ( 1)

8

, 0

( ) ( ), 0

1
( 1) (1 ) ( 1) ( 1)

8

,

h h

h h

h h

h h

h e e h e e

d e d e

u h f h N

h e e h e e

d e d e N

 

 

 

 

 



  

 



 

  

 

  


          


  


  


          

   

   (1.22) 

ko‘rinishdagi yechimini toping, bunda 1 2 1, ,d d d  
 va 2d 

 lar noma’lumlar. 

     Ayonki    

   

   

1 1 1 1 1 1

2 2 2 2 2 2

1 1
, ,

2 2

1 1
, .

2 2

d d d b d d

d d d b d d

   

   

   

   

 

1 2 1, ,d d d  
 va 2d 

 noma’lumlar (1.21)- tenglamadan topilishi mumkin. Unda ( )u h  ning 

oshkor ko‘rinishi va demak, C  optimal koeffitsientlarning ham oshkor ko‘rinishi  topiladi.  

         Shunday qilib, 1- masala va demak 1 – masala yechiladi. Ammo, buning o‘rniga ( )D h  va 

 ( )U h  lardan foydalanib , (1.17) – tenglikni etiborga olib 0C  optimal koeffitsientlarni 

0,1, , N   da topamiz. 

Buning uchun quyidagicha ish tutamiz.Faraz qilaylik, 1,2. , 1N    

bo‘lsin.U holda (1.17)-dan quyidagini olamiz: 

( )* ( ) ( ) ( )C D h u h D h h u h


    




       

1

0

( ) ( ) ( ) ( )
N

D h h u h D h h u h
 

     


 

        

1

1 0

( ) ( ) ( ) ( ) ( )
N

N

D h h u h D h h f h D h h
  

       


   

            

  1

1 2

1
( 1) (1 ) ( 1) ( 1)

8

h h h hh e e h e e d e d e         
           
 

 

1

( )
N

D h h


 


 

    

 1

1 2

1
( 1) (1 ) ( 1) ( 1)

8

h h h hh e e h e e d e d e         
           
 

 

0

( ) ( )
N

C D h h f h


  


    
1

( )D h h


 




   
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 1

1 2

1
( 1) (1 ) ( 1) ( 1)

8

h h h hh e e h e e d e d e         
               
 

 

 
1

( )D h N


 




     

 1 1 1 1 1

1 2

1
( ) 1) (1 ) ( 2) ( 1)

8

h h h hh N e e h e e d e d e             
             
 

 

( ) ( )D h h f h


  




    1
1

1 1

NA P  







 



  

 1 1 1

1 2

1
( 1) ( 2) (1 ) ( 1) .

8

h h h hh e e h e e d e d e f h            
           

 
      (48) 

Quyidagicha belgilash kiritamiz: 

1
1

1 1

A P
m 










    

  1

1 2

1
( 1) (1 ) ( 1) ( 1) ( ) ,

8

h h h hh e e h e e d e d e f h          
             
 

   (3.13) 

1
1

1 1

A P
n 










    

       1 1 1

1 2

1
( 1) ( 2) (1 ) ( 1) .

8

h h h hh e e h e e d e d e f h            
          
 

  (3.14) 

U holda quyidagi natijaga ega bo‘lamiz. 

          Teorema 6. 
2 2( )K P  fazosida Sard ma’nosida ortimal kvadratur formula koeffitsientlar 

quyidagi ko‘rinishga ega: 

1 1( )* ( ) ,NC D h f h m n 

                       1,2, , ,N                     

bu yerda m, n lar (3.13) va (3.14) tengliklar orqali aniqlanadi. 

          

         Endi (51) – formuladagi ( )* ( )D h f h   ni hisoblaymiz. 

Teorema 1 va 2 lardan foydalanib quyidagiga ega bo‘lamiz: 

2

( )* ( ) ( )*1 ( ) (0) 2 ( ) 2 ( )D h f h D h D h D D h D h
 

    
 

 

         

1 1
1 1

21 1

2 (1 ) 2
A A

p C A 




 





 
        

 
  

1 1 1 1 1
1

01 1 1 1 1 1

2 2 1

1

A A A A A
p C p C




     





   
            

  
   
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1

1 1 1

2 1

(1 )
p C A

  

  
       

  
 

1 1 1
1

1 1 1

2 1 (1 )

(1 ) 1

A
p C A p C

 

  

     
          

    
 

2 4 2

1 1

2 2

1 1 1

2 (2 ) (2 ) 4 1

( ) ( ) ( 1)( ) (1 )

h ch h sh h h sh h
p

sh h hch h shh hchh

 

  

     
    

     
 

2 4 2

1 1

2

1 1 1 1

4 (1 )
( )* ( )

( 1)( 1) ( ) (1 )

h sh h
D h f h p C

shh hchh

 
 

   

   
     

      
 

2 4

1

2 2

1

4

(1 ) ( )

h sh h
p C

shh hchh





  
    

  
 

2 4

1
21 1

1

4 1 (2 ) 2

( 1 2) ( )
( )

h sh h sh h h
p C

shh hchh
shh hchh


 



 
    

               
  

 

2 4

2

2

2 (2 ) (2 ) 4

2 2( )
( )

h ch h sh h h sh h
p

sh h hsh h hchh
shh hchh

shh hchh

 
   

    
        

 

 
2 42 (2 ) (2 ) 4

( ) ( (2 ) 2 2 2 )( )

h ch h sh h h sh h
p

sh h hchh sh h h shh hchh shh hchh

   
    

     
 

 

 

2 42 (2 ) (2 ) 4

( ) 2 ( 1) 2 ( 1) ( )

hch h sh h h sh h
p

sh h hchh shh chh h chh shh hchh

  
    

       
 

 
2 42 (2 ) (2 ) 4

( ) ( 1)(2 2 )( )

hch h sh h h sh h
p

sh h hchh chh shh h shh hchh

  
   

    
 

2 2 1sh h ch h    

XULOSA 

 Shunday qilib ushbu ishda 
2 2( )K P  gilbert fazosida 

eksponensial optimal kvadratur formula qurilgan. Bunda dastlab kvadratur formula xatolik 

funksionalining normasini hisoblash uchun ekstremal funksiya topilgan. Keyin uning 

yordamida xatolik funksionalining normasi hisoblangan. Eksponensial optimal kvadratur 

formula mavjudligi va yagonaligi isbotlangan. Optimal kvadratur formula koeffitsientlari 

uchun chiziqli tenglamalar sistemasi olingan. Bu sistema yechimi bo‘ladigan optimal 
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koeffitsientlarning analitik ko‘rinishini topish uchun 

4 2

4 2
2 1

d d

dx dx
    differensial operator 

diskret analogi qurilgan va uning xossalari o‘rganilgan. Nihoyat optimal koeffitsientlar 

topilgan. 
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